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Local intra-unit-cell order parameters in cuprates
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Starting with a minimal model with the on-site Hilbert space reduced to only three effective va-
lence centers CuO7−,6−,5−4 (nominally Cu
1+,2+,3+) we present an unified approach to the description
of the variety of the local intra-unit-cell (IUC) order parameters determining a low-energy physics
in cuprates. Central point of the model implies the occurrence of unconventional on-site quantum
superpositions of the three valent states characterized by different hole occupation: nh=0,1,2 for
Cu1+,2+,3+ centers, respectively, different conventional spin: s=1/2 for Cu2+ center and s=0 for
Cu1+,3+ centers, and different orbital symmetry:B1g for the ground states of the Cu
2+ center and
A1g for the Cu
1+,3+ centers, respectively. The latter does result in a spontaneous orbital symmetry
breaking accompanying the formation of the on-site mixed valence superpositions with emergence
of the IUC orbital nematic order parameter of the B1g = B1g × A1g (∝ dx2−y2) symmetry. To de-
scribe the diagonal and off-diagonal, or quantum local charge order we develop an S=1 pseudospin
model with a non-Heisenberg effective Hamiltonian that provides a physically clear description of
”the myriad of phases” from a bare parent antiferromagnetic insulating phase to a Fermi liquid in
overdoped cuprates. Conventional spin density ρs for mixed valence superpositions can vary inbe-
tween 0 and 1 in accordance with the weight of the Cu2+ center in the superposition. We show
that the superconductivity and spin magnetism are nonsymbiotic phenomena with competing order
parameters. Furthermore we argue that instead of a well-isolated Zhang-Rice (ZR) singlet 1A1g the
ground state of the hole Cu3+ center in cuprates should be described by a complex 1A1g-
1,3B2g-
1,3Eu multiplet, formed by a competition of conventional hybrid Cu 3d-O 2p b1g(σ) ∝ dx2−y2 state
and purely oxygen nonbonding O 2ppi states with a2g(pi) and eux,y(pi) symmetry. In contrast with
inactive ZR singlet we arrive at several novel competing IUC orbital and spin-orbital order param-
eters, e.g., electric dipole and quadrupole moments, Ising-like net orbital magnetic moment, orbital
toroidal moment, intra-plaquette’s staggered order of Ising-like oxygen orbital magnetic moments.
As a most impressive validation of the non-ZR model we explain fascinating results of recent neutron
scattering measurements that revealed novel type of the IUC magnetic ordering in pseudogap phase
of several hole-doped cuprates.
I. INTRODUCTION
The mechanism underlying the high-temperature su-
perconductivity of copper oxides 1 has remained unelu-
cidated and is still one of the greatest mysteries in the
field of condensed matter physics. The cuprate high-
Tc superconductors start out life as antiferromagnetic
insulators in contrast with BCS superconductors being
conventional metals. Unconventional behavior of these
materials under charge doping, in particular, a remark-
able interplay of charge, lattice, orbital, and spin degrees
of freedom, strongly differs from that of ordinary met-
als and merely resembles that of a doped Mott insula-
tor. Long range antiferromagnetic (AFM) order typical
for parent cuprates puzzlingly sharply disappears under
doping 2. For instance in La2−xSrxCuO4 the AFM or-
der disappears for x ≈ 0.02 when the system turns into
a so-called spin glass phase. Superconductivity occurs
beyond a minimal hole content δmin ≈ 0.05 - 0.06 where
there is no long-range antiferromagnetic order. Neverthe-
less, signs of magnetism persist in the hole-doped materi-
als with δ > δmin as a local nanoscale order, as observed
in muon spin relaxation and neutron scattering measure-
ments. On the other hand, the heavily doped nonsuper-
conducting crystals are metallic and no longer exhibit
the AF spin correlations; their electronic properties can
be understood in terms of the normal Fermi liquid. In
other words, the high-Tc superconductivity appears in a
doping range between the AF insulator and nominally
normal Fermi liquid regions. However, in normal state,
these materials exhibit non-Fermi liquid properties and
enter a mysterious pseudogap (PG) regime, characterized
by the observation of a multiple crossover pseudogap tem-
peratures T∗s. In addition to the occurrence of uncon-
ventional d-wave superconductivity the phase diagram of
high temperature superconducting (HTSC) copper ox-
ides does reveal a flurry of various anomalous electronic
properties. The analysis of the PG phase in underdoped
cuprates remains a hot topic in research on correlated
electron systems. A large variety of intensive experimen-
tal studies of underdoped cuprates provide direct or indi-
rect indications that a symmetry breaking state develops
below the PG temperature, supporting the competing or-
der scenario in the sense that the data show that the PG
is likely a phase (or even a set of phases) with broken
symmetries.
The evidence for broken symmetries comes from dif-
ferent sources. The presence of stripe-like charge and
spin density ordering has been known for a long time
to exist in 214 compounds 4. Charge modulated struc-
ture in Bi2Sr2CaCu2O8 (BSCCO) was observed by STM
technique 5. Most notably, recent nuclear magnetic reso-
nance (NMR) 6, scanning tunneling microscopy (STM) 7,
x-ray scattering (XRS) 8, and other measurements on a
number of different families of the hole-doped cuprates
have detected the onset of an incommensurate charge
2density wave (CDW) state in the CuO2 plane at a tem-
perature TCDW , Tc<TCDW <T
∗, which are stabilized
to static, long range order by a magnetic field, and in gen-
eral compete with superconductivity. Novel CDW states
differ in some important respects from the more familiar
stripes observed in the 214 family, in particular, the dop-
ing dependence of the in-plane wave-vectors in the two
systems is quite different. There is growing experimen-
tal evidence that charge density wave order is a generic
feature and an important competitor to superconductiv-
ity in underdoped cuprate high temperature supercon-
ductors. Understanding the properties of these charge
ordered phases, competing or coexisting with supercon-
ductivity, may significantly help to clarify the physical
origin of the PG phase.
A significant property of the charge order in cuprates is
that it can exhibit both inter- and intra-unit cell symme-
try breaking. In recent years, there has been increasing
experimental evidence pointing towards the existence of
an electronic nematic phase in some high-Tc supercon-
ductors. Intra-unit-cell (IUC) nematicity, or the breaking
of rotational symmetry by the electronic structure within
each CuO2 unit cell is often observed in STM measure-
ments in cuprates 9 and interpreted as a charge density
inequivalence for two pairs of oxygen ions oriented along
a- and b-axes, respectively.
Two sets of experiments indicate that time reversal
symmetry may be also broken in the pseudogap phase of
cuprates. One is the observation of the polar Kerr ef-
fect in YBa2Cu3O6+x (YBCO) and La1.875Ba0.125CuO4
(LBCO) below some critical temperature TK(x), which
increases as x decreases 10. Another is the observation
of intra-unit-cell (IUC) magnetic order in polarized neu-
tron scattering measurements 11. The puzzling IUC or-
der breaks time reversal symmetry, but preserves lattice
translation invariance. However, at variance with ferro-
magnets, it does not give rise to a uniform magnetization.
It is worth noting that together with persistent evidence
of other forms of electronic order in hole-doped cuprates
different local probes have provided numerous examples
where superconducting, electronic, and magnetic proper-
ties vary on a nanoscopic length scale. A large variety
of theoretical models has been designed to account for
these exotic electronic properties and to shed light on
their interplay with nonconventional superconductivity.
However, the most important questions, particularly on
the microscopic structure of the order parameters, remain
unanswered to date.
In this paper, we consider a simplified minimal mi-
croscopic model of the CuO4 centers in cuprates which
allows to derive all the IUC order parameters in frames of
an unified approach and show that all the main features
of superconductivity, charge order, including charge-
nematicity, spin and orbital order can be explained on
equal footing. The rest of the paper is organized as fol-
lows. In Section II we introduce a physical working model
of the CuO4 centers in cuprates, first an S=1 pseudospin
formalism to describe local IUC quantum charge order
parameters. Section III contains a brief overview of the
non-Zhang-Rice model for the nominally Cu3+ centers
in cuprates, characterization of novel IUC spin-orbital
order parameters, and their manifestations in recent ex-
perimental data. A short conclusion is made in Sec.IV.
II. SIMPLE TOY MODEL OF THE
ALTERNATING VALENCE SYSTEM AND THE
DISPROPORTIONATION DRIVEN
SUPERCONDUCTIVITY
A. Pseudospin formalism
Valent electronic states in strongly correlated 3d ox-
ides manifest both significant correlations and p-d co-
valency with a distinct trend to localisation of many-
electron configurations formed by antibonding Me 3d-O
2p hybridized molecular orbitals. The localisation effects
are particularly clear featured in the crystal field d -d
transitions whose spectra just weakly vary from diluted
to concentrated 3d oxides. An optimal way to describe
valent electronic states in strongly correlated 3d oxides
is provided by quantum-chemical techniques such as the
ligand field theory which implies a crystal composed of a
system of small 3d-cation-anion clusters. Naturally, such
an approach has a number of shortcomings, nevertheless,
this provides a clear physical picture of the complex elec-
tronic structure and the energy spectrum, as well as the
possibility of a quantitative modelling. In a certain sense
the cluster calculations might provide a better descrip-
tion of the overall electronic structure of insulating 3d
oxides than different so-called ab-initio band structure
calculations, mainly due to a better account for correla-
tion effects and electron-lattice coupling.
Given the complexity of the inter-related charge defor-
mation dynamics in cuprates with the disproportionation
instability 12, we introduce a minimal model to describe
its low-energy physics with the on-site Hilbert space re-
duced to ground states of only three effective valence cen-
ters CuO7−,6−,5−4 (nominally Cu
1+,2+,3+) where the elec-
tronic and lattice degrees of freedom get strongly locked
together. Despite some simplifications such a charge
triplet’s lattice model with the three valence states of
the CuO4 center described on an equal footing is be-
lieved to capture the salient features both of the hole-
and electron-doped cuprates 13.
Validity of such an approach implies well isolated
ground states of the three centers. This surely holds
for the 1A1g singlet ground state of the Cu
1+ centers
with nominally filled 3d shell whose excitation energy
does usually exceed 2 eV (see, e.g., Ref. 14 and references
therein). Fig. 1 presents a single-hole energy spectrum
for a CuO4 plaquette, or Cu
2+ center, embedded into an
insulating cuprate such as Sr2CuO2Cl2 calculated with a
reasonable set of parameters 15. For illustration we show
a step-by-step formation of the cluster energy levels from
the bare Cu 3d and O 2p levels with the successive in-
3FIG. 1: (Color online) Model single-hole energy spectrum for
a CuO4 plaquette with parameters relevant for Sr2CuO2Cl2
and a number of other insulating cuprates with corner-shared
CuO4 plaquettes. Also shown is a fragment of the EELS
spectrum for Sr2CuO3
16 with a distinct signature of the two
main planar (E ⊥ C4) dipole-allowed p-d CT transitions
b1g → eu(pi) and b1g → eu(σ), respectively.
clusion of crystalline field (CF) effects, O 2p - O 2p, and
Cu 3d - O 2p covalency. It is worth noting that the
b1g ∝ dx2−y2 character of the ground hole state in CuO6−4
cluster seems to be one of a few indisputable points in
cuprate physics. A set of low-lying excited states with
the energy ≥ 1.5 eV includes bonding molecular orbitals
with a1g ∝ dz2 , b2g ∝ dxy, and eg ∝ dyz, dxz symmetry,
as well as purely oxygen nonbonding orbitals with a2g(π)
and eu(π) symmetry. The results agree with experimen-
tal data obtained by optical, EELS, and RIXS technique
for different cuprates (see, e.g., Refs. 15,16 and Fig. 1).
In 1988 Zhang and Rice 17 have proposed that the
doped hole in parent cuprate forms a Cu3+ center with
a well isolated local spin and orbital 1A1g singlet ground
state which involves a phase coherent combination of the
2pσ orbitals of the four nearest neighbor oxygens with
the same b1g symmetry as for a bare Cu 3dx2−y2 hole.
Here, it should be noted that when speaking of a Zhang-
Rice singlet as being ”well isolated”, one implies that the
1A1g ground state for the CuO4 plaquette with the two
holes of the b1g(dx2−y2) symmetry is well separated by
more than 1 eV from any other excited two-hole states.
From the very beginning of 90ths the Zhang-Rice (ZR)
model despite a lack of straightforward experimental evi-
dence becomes a mainstream theoretical approach to low-
energy cuprate physics.
One strategy to cast into a tractable model the
physics of the charge triplets is to make use of a
S=1 pseudospin formalism and to create model pseu-
dospin Hamiltonian which can reasonably well repro-
duce both the ground state and important low-energy
excitations of the full problem. Standard pseudospin
formalism represents a variant of the equivalent op-
erators technique widely known in different physical
problems from classical and quantum lattice gases, bi-
nary alloys, (anti)ferroelectrics,.. to neural networks 18.
The formalism starts with a finite basis set for a lat-
tice site (triplet of M0,M± centers in our model,
see below). Such an approach differs from well-
known pseudospin-particle transformations akin Jordan-
Wigner 19 or Holstein-Primakoff 20 transformation which
establish a strict linkage between pseudospin operators
and the creation/annihilation operators of the Fermi or
Bose type. The pseudospin formalism for electron sys-
tems generally proceeds with a truncated basis and does
not imply a strict relation to fermion operators that obey
the fermionic anti-commutation rules. It is worth noting
that all formulations of superconductivity are reduced to
a pairing instability of well-defined quasiparticles. The
identifying the weakly interacting entities that make a
particle interpretation of the current possible became one
of the key problem that arises from the strong correla-
tions in the normal state of the copper-oxide supercon-
ductors. However, there is good reason to believe that
the construction of such entities may not be possible 21.
Generally speaking, at variance with conventional
Hubbard models the charge pseudospin system cannot
be ascribed neither to conventional Fermi nor to Bose
systems similarly to a familiar slave-boson system 22. In
the Kotliar-Ruckenstein slave-boson formalism 22, the lo-
cal Hilbert space of the Hubbard model is expanded by
introducing a fermion fˆσ, which stands for the σ-spin
QP and one slave boson for each Fock state as eˆ for the
empty state (holon) |0〉, pˆσ for the singly occupied state
|σ〉(σ= ↑ or ↓), and dˆ for the doubly occupied state (dou-
blon) | ↑↓〉. The three Fock states can be addressed to be
the local Hilbert space of the semi-hard core bosons which
can be mapped into a system of S = 1 centers via a gen-
eralization of the Matsubara-Matsuda transformation 23
(see Ref. 24 and references therein) that also maps the bo-
son density into the local magnetization: nj = Szj+1. In
contrast to the hard-core bosons associated with S = 1/2
magnets, this makes possible to study ”Hubbard-like”
bosonic gases with on-site density-density interactions
because nj ≤ 2. It is worth noting that the system of
charge triplets and the S=1 pseudo-spin formalism were
used earlier to describe the neutral-to-ionic electronic-
structural transformation in organic charge-transfer crys-
tals (see, e.g., paper by T. Luty in Ref. 25).
Hereafter we address a simplified toy model of a mixed-
valence system with three possible stable valence states
of a cation-anion cluster CuO4 (M : M
0,M±), form-
ing the charge (isospin) triplet and neglect all other de-
grees of freedom focusing on the quantum charges 12,13,26.
Three different valence charge states of the M -center:
M0,M± we associate with three components of the S = 1
pseudo-spin (isospin) triplet with pseudospin projections
MS = 0,+1,−1, respectively. Having in mind quasi-
2D cuprates we associate M0,M± centers with three
charge states of the CuO4 plaquette: a bare center
M0=CuO6−4 , a hole centerM
+=CuO5−4 , and an electron
center M−=CuO7−4 , respectively. However, we should
note that at variance with spinless ground states of Cu1+
and Cu3+ centers the bare Cu2+ center has conventional
spin s=1/2, in other words we arrive at the S=1 pseu-
dospin model with doubly degenerate M=0 value 27,28.
4In the partition function of the classical spin model, this
leads to a factor of 2 for every Cu2+ site.
The S = 1 spin algebra includes three independent
irreducible tensors Vˆ kq of rank k = 0, 1, 2 with one, three,
and five components, respectively, obeying the Wigner-
Eckart theorem29
〈SM |Vˆ kq |SM
′〉 = (−1)S−M
(
S k S
−M q M ′
)
〈S‖ Vˆ k ‖S〉 .
(1)
Here we make use of standard symbols for the Wigner
coefficients and reduced matrix elements. In a more
conventional Cartesian scheme a complete set of the
non-trivial pseudo-spin operators would include both S
and a number of symmetrized bilinear forms {SiSj} =
(SiSj + SjSi), or spin-quadrupole operators, which are
linearly coupled to V 1q and V
2
q , respectively
V 1q = Sq;S0 = Sz, S± = ∓
1√
2
(Sx ± iSy) :
V 20 ∝ (3S2z −S2), V 2±1 ∝ (SzS± + S±Sz), V 2±2 ∝ S2±. (2)
Instead of the three |1M〉 states one may use the Carte-
sian basis set Ψ, or |x, y, z〉:
|10〉 = |z〉 , |1± 1〉 = ∓ 1√
2
(|x〉 ± i|y〉) (3)
The pseudospin matrix has a very simple form within the
|x, y, z〉 basis set:
〈i|Sˆk|j〉 = iǫikj . (4)
We start by introducing the following set of S=1 co-
herent states characterized by vectors a and b satisfying
the normalization constraint 30,31
|c〉 = |a,b〉 = c ·Ψ = (a+ ib) ·Ψ (5)
where a and b are real vectors that are arbitrarily ori-
ented with respect to some fixed coordinate system in the
pseudospin space with orthonormal basis e1,2,3.
The two vectors are coupled, so the minimal number
of dynamic variables describing the S = 1 (pseudo)spin
system appears to be equal to four. Hereafter we would
like to emphasize the director nature of the c vector field:
|c〉 and | − c〉 describe the physically identical states.
It should be noted that in a real space the |c〉 state
corresponds to a quantum on-site superposition
|c〉 = c−1|Cu1+〉+ c0|Cu2+〉+ c+1|Cu3+〉 . (6)
Existence of such unconventional on-site superpositions
is a princial point of our model.
Below instead of a and b we will make use of a pair of
unit vectors m and n, defined as follows 30:
a = cosϕ m; b = sinϕ n .
For the averages of the principal pseudospin operators
we obtain
〈S〉 = sin 2ϕ[m× n],
〈{Si, Sj}〉 = 2(δij − cos2 ϕmimj − sin2 ϕninj) , (7)
or
〈S2i 〉 = 1−
1
2
(m2i + n
2
i )−
1
2
(m2i − n2i ) cos 2ϕ ,
〈{Si, Sj}〉 = −(mimj + ninj)−
(mimj − ninj) cos 2ϕ , (i 6= j) . (8)
One should note a principal difference between the
S = 12 and S = 1 quantum systems. The only on-site
order parameter in the former case is an average spin
moment 〈Sx,y,z〉, whereas in the latter one has five addi-
tional ”spin-quadrupole”, or spin-nematic order parame-
ters described by a traceless symmetric tensor
Qij = 〈(1
2
{Si, Sj} − 2
3
δij)〉. (9)
Interestingly, that in a sense, the S = 12 quantum spin
system is closer to a classic one (S → ∞) with all the
order parameters defined by a simple on-site vectorial
order parameter 〈S〉 than the S = 1 quantum spin system
with its eight independent on-site order parameters.
To describe different types of pseudo-spin ordering in
a mixed-valence system we make use of the eight local
(on-site) order parameters: two classical (diagonal) or-
der parameters: 〈Sz〉 being a ”valence”, or charge den-
sity with an electro-neutrality constraint, and 〈S2z 〉 being
the density of polar centers M±, or ”ionicity”, and six
off-diagonal order parameters 〈V kq 〉 (q 6= 0). The off-
diagonal order parameters describe different types of the
valence mixing. Indeed, operators V kq (q 6= 0) change
the z-projection of the pseudo-spin and transform the
|SMS〉 state into |SMS + q〉 one. In other words, these
can change both the valence and ionicity. It should
be emphasized that for the S = 1 pseudospin alge-
bra there are two operators: V 1±1 and V
2
±1, or S± and
T± = {Sz, S±} that change the pseudo-spin projection
by ±1, with slightly different properties
〈0|Sˆ±| ∓ 1〉 = 〈±1|Sˆ±|0〉 = ∓1, (10)
but
〈0|Tˆ±| ∓ 1〉 = −〈±1|(Tˆ±|0〉 = +1. (11)
It is worth noting the similar behavior of the both op-
erators under the hermitian conjugation: Sˆ†± = −Sˆ∓;
Tˆ †± = −Tˆ∓.
5FIG. 2: (Color online) Cartoon showing orientations of the m and n vectors which provide extremal values of different on-site
pseudospin order parameters given ϕ = pi/4 (see text for more detail).
The V 2±2, or Sˆ
2
± operator changes the pseudo-spin pro-
jection by ±2 with the local order parameter
〈S2±〉 =
1
2
(〈S2x − S2y〉 ± i〈{Sx, Sy}〉) =
c∗+c− = c
2
x − c2y ± 2icxcy . (12)
Obviously, this on-site off-diagonal order parameter is
nonzero only when both c+ and c− are nonzero, or for
the on-site M−(Cu1+)-M+(Cu3+) superpositions. It is
worth noting that the Sˆ2+ (Sˆ
2
−) operator creates an on-site
hole (electron) pair, or composite boson, with a kinematic
constraint (Sˆ2±)
2=0, that underlines its ”hard-core” na-
ture.
Both Sˆ+(Sˆ−) and Tˆ+(Tˆ−) can be associated with the
single particle creation (annihilation) operators, however,
these are not standard fermionic ones, as well as Sˆ2+(Sˆ
2
−)
operators are not standard bosonic ones. Nevertheless,
namely 〈S2±〉 can be addressed as a local superconducting
order parameter
Fig. 2 shows orientations of the m and n vectors which
provide extremal values of different on-site pseudospin
order parameters given ϕ = π/4. The monovalent Cu2+,
or M0 center, is described by a pair of m and n vectors
directed along Z-axis with |mz| = |nz|=1. We arrive
at the Cu2+-Cu3+ (M0-M+) or Cu2+-Cu1+ (M0-M−)
mixtures if turn c−1 or c+1, respectively, into zero. The
mixtures are described by a pair of m and n vectors
whose projections on the XY-plane, m⊥ and n⊥, are of
the same length and orthogonal to each other:m⊥·n⊥=0,
m⊥=n⊥ with [m⊥ × n⊥] = 〈Sz〉=± sin2 θ for M0-M±
mixtures, respectively (see Fig.2).
It is worth noting that for ”conical” configurations in
Figs. 2b-2d:
〈Sz〉 = 0; 〈S2z 〉 = sin2 θ; 〈S2±〉 = −
1
2
sin2 θ e±2iϕ
〈S±〉 = − i√
2
sin 2θ e±iϕ; 〈T±〉 = 0 , (13)
6(Fig. 2b)
〈Sz〉 = 0; 〈S2z 〉 = sin2 θ; 〈S2±〉 = −
1
2
sin2 θ e±2iϕ
〈S±〉 = 0; 〈T±〉 = ∓ 1√
2
sin 2θ e±iϕ; (14)
(Fig. 2c)
〈Sz〉 = −〈S2z 〉 = − sin2 θ; 〈S2±〉 = 0
〈S±〉 = 〈T±〉 = ±1
2
e∓i
pi
4 sin 2θ e±iϕ , (15)
(Fig. 2d). Figures 2e,f do show the orientation of m and
n vectors for the local binary mixture Cu1+-Cu3+, and
Fig.2g does for monovalent Cu3+ center. It is worth not-
ing that for binary mixtures Cu1+-Cu2+ and Cu3+-Cu2+
we arrive at the same algebra of the Sˆ± and Tˆ± opera-
tors with 〈S±〉 = 〈T±〉, while for ternary mixtures Cu1+-
Cu2+-Cu3+ these operators describe different excitations.
Interestingly that in all the cases the local Cu2+ fraction
can be written as follows:
ρ(Cu2+) = 1− 〈S2z 〉 = cos2 θ . (16)
B. Orbital degree of freedom and intra-plaquette
charge nematicity
Different orbital symmetry, B1g and A1g of the ground
states on the one side for Cu2+ and for Cu1+,3+ on the
other side, respectively, unequivocally should result in
a spontaneous orbital symmetry breaking accompanying
the formation of the on-site mixed valence superpositions
(6) with emergence of the on-site orbital order parame-
ter of the B1g = B1g × A1g (∝ dx2−y2) symmetry. In
frames of the CuO4 cluster model the rhombic B1g-type
symmetry breaking may be realized both by the b1g-a1g
(dx2−y2-dz2) mixing for central Cu ion or through the
oxygen subsystem either by emergence of different charge
densities on the oxygens placed symmetrically relative to
the central Cu ion (see Fig. 3) and/or by the B1g-type dis-
tortion of the CuO4 plaquette resulting in different Cu-
O separations for these oxygens. The latter effect seems
to be natural for Cu1+ admixtures. Indeed, at variance
with Cu2+ and Cu3+ ions the Cu1+ ion due to a large
intra-atomic s - d - hybridization does prefer a dumbbell
O-Cu-O linear configuration thus making large rhombic
distortions of the CuO4 cluster. Our effective model does
not consider the cluster distortions and cannot provide
detailed microscopic description of the symmetry break-
ing effects. Nevertheless, in frames of our effective CuO4
cluster model the B1g-type orbital symmetry breaking
can be described e.g. by a simple transformation of the
single particle molecular orbital
|b1g〉 → cb|b1g〉+ σρnemca|a1g〉,
+
b1g
a1g
+-
+
+- +
+
+
+
+
-
-
- -
-
-
b1g+
+
+
b1g-
b1g 1g-a mixing
s=+1 s=-1
FIG. 3: (Color online) Top panel: oxygen charge density dis-
tribution for b1g and a1g molecular orbitals. Bottom panel:
oxygen charge density distribution for two nematic states.
where |a1g〉 is the fully symmetric superposition of the
four oxygen O2pσ orbitals (see Fig. 3), σ=±1 is a di-
chotomic nematic variable, and ρnem= 〈S2z 〉 is a local
nematic density defined as a weight of the polar cen-
ters Cu1+ and Cu3+ in the superposition (6). In other
words, this implies the same symmetry breaking effect
for these two different polar centers. The transforma-
tion gives rise to a breaking of the four-fold rotational
symmetry with nonequivalence of the charge density on
the oxygen ions representing intra-unit-cell nematicity:
the breaking of rotational symmetry C4 → C2 within
the CuO4 plaquette. STM measurements of a static ne-
matic order in cuprates 9 support a charge imbalance be-
tween the density of holes at the oxygen sites oriented
along a- and b-axes, however, there are clear signatures
of the B1g-type distortion (half-breathing mode) instabil-
ities even in hole-doped superconducting cuprates which
can be addressed to be a true ”smoking gun” for elec-
tronic Cu3+ centers. Indeed, two dynamically coexisting
sets of CuO4 clusters with different in-plane Cu-O inter-
atomic distances have been really found by polarized Cu
K-edge EXAFS in La1.85Sr0.15CuO4
32. Giant phonon
softening and line broadening of electronic origin of the
longitudinal Cu-O bond stretching phonons near half-
way to the zone boundary was observed in hole-doped
cuprates (see, e.g., Ref.33 and references therein).Their
amplitude follows the superconducting dome that sup-
port our message about a specific role of electron-hole
Cu1+-Cu3+ pairs in high-Tc superconductivity
12,13.
C. Conventional spin degree of freedom
In the above discussion we addressed only charge and
orbital degrees of freedom and neglected conventional
7spin s=1/2 for the Cu2+ centers. However, numerous ex-
perimental data, firstly that of magnetic susceptibility 34,
µ-meson spectroscopy 35, and magnetic neutron scatter-
ing 36, unambiguously point to a manifestation of a spin
magnetism all over the phase diagram of doped cuprates.
First of all we should note that ρˆs = (1 − Sˆ2z ) to be
a projection operator which picks out the s=1/2 Cu2+
center in the on-site mixed valence superpositions (6) can
be addressed to be an on-site spin density operator.
Conventional spin degree of freedom can be build in
our effective Hamiltonian, if we transform a conventional
Heisenberg spin exchange Cu2+-Cu2+ coupling as follows
Hˆex =
∑
i>j
Iˆij(sˆi · sˆj) , (17)
where instead of the conventional Cu2+-Cu2+ exchange
integral Iij we arrive at an effective pseudospin operator
Iˆij = ρˆ
s
i Iij ρˆ
s
j = (1 − Sˆ2iz)Iij(1− Sˆ2jz) . (18)
In general, the isotropic bilinear exchange spin Hamil-
tonian in (17) should be supplied by a relatively small
symmetric exchange easy-plane anisotropy and antisym-
metric Dzialoshinskii-Moriya coupling 2,3 as follows:
Iij(sˆi · sˆj) +Kij sˆiz sˆjz + dij [sˆi × sˆj] . (19)
Obviously, the spin exchange provides an energy gain
to the parent antiferromagnetic insulating (AFMI) phase
with 〈Sˆ2iz〉=0, while local superconducting order param-
eter is maximal given 〈Sˆ2iz〉=1. In other words, the su-
perconductivity and magnetism are nonsymbiotic phe-
nomena with competing order parameters giving rise to
an inter-twinning, glassiness, and other forms of elec-
tronic heterogeneities. Most likely, superconductivity de-
velops in the areas of the sample with strongly suppressed
spin magnetism down to the lowest temperatures (see,
e.g., recent paper 37). Conventional spin degree of free-
dom seems to play merely negative effect in high-Tc su-
perconductivity: magnetism is incompatible with opti-
mal high-TC superconductivity. Interestingly, T
max
c for
doped cuprates anticorrelates with the exchange integral
in respective parent compounds 38.
Not long after the discovery of the cuprate supercon-
ductors, Johnston 34 through an analysis of his measure-
ments of the bulk spin susceptibility found that the tem-
perature dependence of the paramagnetic susceptibility
in LSCO and YBCO are consistent with a picture in
which both the Pauli contribution χPauli of itinerant
hole carriers and the contribution χ2D(T ) of localized
spins on the Cu2+ ions are present. The very existence
of χPauli which increases with the hole doping implies
degeneracy of spin-up and spin-down quasihole states
near EF . The localized spin contribution χ
2D(T ) does
exhibit dynamic Heisenberg-like intralayer antiferromag-
netic fluctuations persisting up to slightly overdoping.
Unconventional temperature and doping behavior of the
χ2D(T ) was attributed by Johnston 34 to a rapid drop
both of the intralayer Cu-Cu exchange integrals and ef-
fective Cu spin moments with rising doping. However,
our spin-pseudospin model Hamiltonian (17) with effec-
tive exchange integral (18) points to a just another and
more justified cause of the puzzle around χ2D(T ), that
is a rapid drop of the on-site Cu2+ fraction and, accord-
ingly, on-site spin density ρˆs.
III. GOING BEYOND THE ZHANG-RICE
MODEL FOR THE HOLE Cu3+ CENTER AND
NOVEL ORDER PARAMETERS
The nature of the doped-hole state, or Cu3+ center in
the cuprates with nominally Cu2+ ions such as La2CuO4
is a matter of great importance in understanding both
the mechanism leading to the high-temperature super-
conductivity and unconventional normal state behavior
of the cuprates.
Well isolated ZR singlet as a ground state of the
Cu3+ center in hole doped cuprates is a leading
paradigm in modern theories of high-temperature su-
perconductivity. However, numerous experimental data,
in particular, recent magnetic neutron scattering find-
ings (see Refs. 11) and 6,7Li NMR measurements in
La2Li0.5Cu0.5O4 (Ref.39), suggests the involvement of
some other physics which introduces low-lying states into
the excitation of the doped-hole state, or competition
of conventional ZR state with another electron removal
state. This point was discussed earlier, however, mainly
as an interplay between ZR singlet 1A1g and triplet
3B1g,
formed by additional hole going not into b1g state as in
ZR singlet, but into a1g ∝ dz2 state 40. It is worth noting
that 3B1g state corresponds to a Hund
3A2g term of two-
hole e2g configuration of an undistorted CuO6 octahedra.
However, later experimental findings for very different in-
sulating cuprates and theoretical calculations have shown
that the energy separation between the b1g(dx2−y2) and
a1g(dz2 ) orbitals in CuO4 plaquettes is thought to be of
the order of 1.5 eV (see Fig. 1), i.e. too large for quasi-
degeneracy and effective vibronic coupling. More sophis-
ticated version of the non-ZR states was proposed by
Varma 41, who has proposed that the additional holes
doped in the CuO2 planes do not hybridize into ZR sin-
glets, but give rise to circulating currents on O-Cu-O
triangles.
A. The non-ZR A-B-E model and novel IUC order
parameters
Cluster model considerations supported by numerous
experimental data point to a competition of conven-
tional hybrid Cu 3d-O 2p b1g(σ) ∝ dx2−y2 state with
purely oxygen nonbonding O 2pπ states with a2g(π) and
eux,y(π) ∝ px,y symmetry (see Fig. 1, Refs.42–44 and ref-
erences therein). These orbitals form the energetically
lowest purely oxygen hole states localized on a CuO4
8plaquette with the energy ∼ 1.5 - 2 eV. At variance with
the ZR configuration the ”bonding-nonbonding” bb1geu(π)
and bb1ga2g(π) configurations with a full cut off of strong
intra-site d-d correlations are characterized by a rather
small correlation energy on the order of 1 ev. Hence the
gain in the hole-hole repulsion can compensate the loss in
the one-hole energy drawing these configurations to the
ZR singlet (see Fig. 4). In other words, these O 2ppi states
could be as preferable for the localization of additive hole
as the b1g ∝ dx2−y2 ground state which would result
in the instability of the ZR singlet in doped cuprates.
Given the same set of different parameters used for the
Cu2+ cluster calculations (see Fig. 1) we calculated 42 the
energies of bare (bb1g)
2, bb1geu(π), and b
b
1ga2g(π) configu-
rations as functions of an effective ”screening” param-
eter k = Ud/U
0
d , where U
0
d = 8 eV
40, suggesting the
same screening for all other Coulomb repulsion parame-
ters (see Fig. 4). We see that given k > 0.5 the energy of
the ”bonding-nonbonding” bb1geu(π) and b
b
1ga2g(π) con-
figurations appears to be lower than the energy of the
bare ZR configuration. However, it should be noted that
the bare ZR singlet (bb1g)
2 : 1A1g can be stabilized due
to a sizeable interaction with bb1gb
a
1g and (b
a
1g)
2 config-
urations. Despite a large energy separation (∼ 6 and
∼ 12 eV, respectively) all three (b1g)2-type configurations
interact strongly due to both d-d and p-p intra-atomic
Coulomb coupling. The comparison of the energies of
the bare ZR-singlet, derived from (bb1g)
2 configuration,
and true ZR-singlet (see Fig. 4), points to a dramatic
role of the configurational interaction (CI) in the 1A1g
channel. It leads to a more |dp〉 character of the ZR-
singlet with a sizeable energy stabilization and strong
suppression of the effective correlation energy. Indeed,
the step-by-step taking account of the d-pσ covalency
and CI effects results in a strong suppression of the ef-
fective correlation energy from bare value Ud2
x2−y2
=8.0
eV to Ub2
1g
=5.3 eV and to UZR=3.1 eV, respectively. As
a result, we arrive at a quasidegeneracy of the true ZR-
singlet 1A1g and b
b
1ga2g, b
b
1geu configurations taking place
in a rather wide range of correlation parameters. In other
words, instead of a well isolated ground state ZR-singlet
for Cu3+ centers as in many conventional theoretical ap-
proaches, we should consider a complex valent multiplet
1A1g-b
b
1ga2g(π) :
1,3B2g-b
b
1geu :
1,3Eu (A-B-E -model).
The bonding bb1g(σ) – nonbonding eu(π), a2g(π) hole
competition reflects a subtle balance between the gain
in electron-electron repulsion and the loss in one-particle
energy both affected by a lattice polarization and can be
an universal property of a wide group of 2D cuprates.
Despite a large body of both theoretical and exper-
imental argumentation indirectly supporting the exis-
tence of non-ZR multiplets in cuprates their direct exper-
imental probing remains to be highly desirable especially
because there are numerous misleading reports support-
ing ”the stability of simple ZR singlet”. For instance,
the authors of the photoemission studies on CuO and
Bi2Sr2CaCu2O8−δ
45, have reported that they ”are able
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FIG. 4: (Color online) Top panel: The illustration of the for-
mation of the valence 1A1g−
1,3B2g multiplet. Bottom panel:
The energies of bare ZR-singlet, true ZR-singlet, b1ga2g, and
b1geu configurations against the effective ”screening” parame-
ter k = Ud/U
0
d . Filling points to the quasi-degeneracy region.
to unravel the different spin states in the single-particle
excitation spectrum of cuprates and show that the top
of the valence band is of pure singlet character, which
provides strong support for the existence and stability
of Zhang-Rice singlets in high-Tc cuprates thus justify-
ing the ansatz of single-band models”. In their opin-
ion ”these states are more stable than the triplet states
by about 1 eV”. However, in their photoemission stud-
ies they made use of the Cu 2p3/2(L3) resonance con-
dition that allows to detect unambiguously only copper
photo-hole states, hence they cannot see the purely oxy-
gen photo-hole a2g and eu states.
Earlier we have addressed unconventional properties of
the non-ZR hole center related to the 1A1g-
1,3Eu quasi-
degeneracy (A-E model) 43. Fig. 5 shows the term struc-
ture of the actual valence A-E multiplet together with
single-hole basis bb1g:
(|b1g〉 = cd|dx2−y2〉+ cp|b1g(O2p)〉)
and eux,y:
(|eux,y〉 = cpi|eux,y(π)〉+ cσ|eux,y(σ)〉)
orbitals. The eu orbitals could form two circular current
p±1-like states, eu±1 with an Ising-like orbital moment
〈eu±1|lz|eu±1〉 = ±2cσcpi ,
9FIG. 5: (Color online) The term structure of the actual va-
lence A-E multiplet for a hole CuO5−4 center together with
the single-hole bb1g and e
b
ux,y orbitals. Lower panel illustrates
the ferromagnetic and toroidal orderings of the oxygen orbital
magnetic moments within the CuO4 plaquette.
which is easily prone to be quenched by a low-symmetry
crystal field with formation of two currentless, e.g., px,y-
like eux,y states.
Even with neglecting the spin degree of freedom in
A-E model we arrive at the eight order parameters for
the hole [CuO4]
5− center: conventional in-plane elec-
tric dipole and quadrupole moments, unconventional
Ising-like purely oxygen orbital magnetic moment, and
the two-component in-plane purely oxygen orbital IUC
toroidal moment (see Fig. 5). Microscopically, the ef-
fective IUC magnetic toroidal moment can be derived
through the local oxygen effective orbital moments as
follows:
Tˆ = βe
4∑
n=1
[Rn × lˆn] .
Thus, the CuO4 plaquette with (
1A1g,
1Eu) valent mul-
tiplet forms an unconventional magneto-electric center
characterized by the eight independent orbital order pa-
rameters. Even this simplified model predicts broken
time-reversal (T ) symmetry, two-dimensional parity (P ),
and basic tetragonal (four-fold Z4) symmetry. The sit-
uation seems to be more involved, if we take into ac-
count spin degree of freedom, in particular, the 1A1g-
3Eu
singlet-triplet mixing effects. First of all, such a center is
characterized by a true spin S=1 moment being gapped,
if the ZR singlet 1A1g has the lowest energy. Strictly
speaking, for our two hole configuration we should intro-
duce two spin operators: net spin moment Sˆ = sˆ1 + sˆ2
and spin operator Vˆ = sˆ1 − sˆ2 that changes spin multi-
plicity. It should be noted that the V -type order implies
an indefinite ground state spin multiplicity and at vari-
ance with S-type order is invariably accompanied by an
orbital order. The singlet-triplet structure of the A-E
multiplet implies two novel types of the spin-orbital or-
der parameters: spin-dipole parameters 〈Vˆdˆx〉 and 〈Vˆdˆy〉
and spin-toroidal parameters 〈VˆTˆx〉 and 〈VˆTˆy〉. Novel
ordering does not imply independent V-, d- or T-type
orders.
Despite a ”fragility” of the orbital eu-currents with
regard to a crystal field quenching these can produce
ferromagnetic-like fluctuations that can explain numer-
ous manifestations of a weak ferromagnetism in different
cuprates (see, e.g., Ref.46) and a remarkable observa-
tion of a weak magnetic circular dichroism (MCD) in
YBa2Cu3O6+x
10. It should be noted that the value of
MCD effect does not straightforwardly depends on the
value of orbital, or magnetic orbital moment. Gener-
ally speaking, the hole doped cuprate could be a system
with a giant circular magnetooptics if we were able to
realize the uniform ferromagnetic ordering of the orbital
eu-currents. It seems likely that the relative concentra-
tion xh ∼ 10−4 of circularly polarized eu holes is enough
to provide the same magnitude of MCD as an applied
magnetic field of 1 Tesla 47. It is worth noting that the
current loop state 41, by itself, is incompatible with ferro-
magnetism and cannot explain the Kerr measurements 10.
Occurrence of both orbital toroidal and spin-dipole or-
der parameters point to the hole CuO5−4 centers as po-
lar centers with effective magneto-electric coupling which
can provide ferroelectric and magnetoelectric proper-
ties for hole-doped cuprates 48. Interestingly, within the
1A1g,
1Eu multiplet the electric dipole moment operator
can be coupled with orbital toroidal and magnetic mo-
ments by a remarkable magnetoelectric relation 42,43:
dˆx = dme{Tˆy, Mˆz}, dˆy = −dme{Tˆx, Mˆz}.
Novel effects relate with the 1A1g -
1,3B2g quasi-
degeneracy (A-B-model) 44. Unconventional orbital A-B
structure of the hole CuO4 hole centers with the ground
state b21g:
1A1g - b1ga2g(π):
1,3B2g multiplet (see Fig. 6) im-
plies several spin, charge, and orbital order parameters
missed in the simple ZR model. For the orbital quasi-
doublet 1A1g -
1B2g to be properly described one might
make use of a pseudospin formalism with two states 1A1g
and 1B2g attributed to |+ 12 〉 and | − 12 〉 states of a pseu-
dospin s = 12 , respectively. Then we introduce three
order parameters: 〈σˆz〉, 〈σˆx〉, and 〈σˆy〉, where σˆi is Pauli
matrix. Order parameter 〈σˆz〉 defines the symmetry con-
serving charge density fluctuations within the CuO4 pla-
quette. Order parameter 〈σˆx〉 defines electric quadrupole
moment of B2g symmetry localized on four oxygen sites:
Qxy =
∑
i
Qˆxy(i) = QB2g 〈σˆx〉 . (20)
It should be emphasized that the quadrupole moment has
an electronic orbital origin (see Fig. 6) and has nothing to
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FIG. 6: (Color online) The term structure of the actual valent
A-B multiplet for hole CuO5−4 center together with single-hole
basis bb1g and a
b
2g orbitals. Shown are antiferromagnetic (stag-
gered) ordering of oxygen orbital magnetic moments within
CuO4 plaquette (Gz-mode) and quadrupole Qxy-mode.
do with any CuO4 plaquette’s distortions or charge im-
balance between the density of holes at the oxygen sites.
It is worth noting that usually a spontaneous imbalance
between the density of holes at the oxygen sites in the
unit cell is related to a nematic order. Order parameter
〈σˆy〉 defines an antiferromagnetic (staggered) IUC order-
ing of oxygen orbital moments localized on four oxygen
sites:
〈Gˆz〉 = 〈lˆ1z − lˆ2z + lˆ3z − lˆ4z〉 = gL 〈σˆy〉 , (21)
where gL ≈ -1.0, if to make use of estimates of the clus-
ter model 42. In other words, maximal value of antiferro-
magnetic order parameter Gz corresponds to a staggered
order of unexpectedly large oxygen orbital magnetic mo-
ments mz ≈ 0.25 βe. In contrast with the net orbital
moment Mz the Gz order cannot be easily quenched by
low-symmetry crystal fields. Fig. 6 shows an illustration
of the Gz order in the CuO4 plaquette. In fact, both
quadrupole moment QB2g and local antiferromagnetic or-
dering of oxygen orbital moments Gz do result from the
1A1g-
1B2g mixing effect, in other words, these are a re-
sult of the symmetry breaking. It should be emphasized
that the Gz order resembles the hotly discussed order of
circulating currents, proposed by Varma 41, however, has
a more clear physical nature.
Two unconventional vectorial order parameters are as-
sociated with the 1A1g-
3B2g singlet-triplet mixing effect:
〈VˆQˆxy〉 and 〈VˆGˆz〉. It should be noted that correspond-
ing orderings do not imply independent 〈Vˆ〉, 〈Qˆxy〉 or
〈Gˆz〉 orders. Moreover, the 〈VˆQˆxy〉 and 〈VˆGˆz〉 orders
imply all the mean values 〈Sˆ〉, 〈Vˆ〉, 〈Qˆxy〉, 〈Gˆz〉 for
CuO5−4 center together with their on-site counterparts
such as 〈Sˆi〉, 〈Qˆxy(i)〉, 〈lˆiz〉 (i = Cu, O1,2,3,4) turn into
zero, at least in first order on the 1A1g-
3B2g mixing pa-
rameters. The most part of novel orbital and spin-orbital
order parameters appear to be strongly hidden, or the
hard-to-detect ones and can be revealed only by specific
experimental technique.
B. Some experimental manifestation of novel IUC
order parameters
1. A-B model and the Gz-type IUC order in
La2Li0.5Cu0.5O4
A unique opportunity to study isolated Cu3+ cen-
ters and non-ZR IUC order parameters without the con-
founding contributions of the nearest neighbor antifer-
romagnetically correlated CuO4 clusters is provided in
La2LixCu1−xO4 at x = 0.5
49. At this composition the
Li and Cu ions form an ideally ordered superlattice 50,51
in which all Cu3+ ions are surrounded by four in-plane Li
ions (1s2, closed shell electronic configuration) and thus
create weakly coupled, almost isolated CuO4 clusters.
First indication of a breaking of isolation for the ZR
ground state in this compound was obtained by Yoshinari
et al. 52: their analysis of the temperature dependence
of the 63,65Cu NQR (nuclear quadrupole resonance) re-
laxation rates unambiguously evidenced that the singlet
state has a 130meV gap to magnetic excitations. In other
words, it appeared the energy of the excited spin-triplet
state relative to the ground state is radically smaller than
predicted by Zhang and Rice 17 and many other authors.
Both 63,65Cu NQR 52, µSR studies 53, and espe-
cially recent low-temperature 6,7Li NMR (nuclear mag-
netic resonance) 39 measurements in La2Li0.5Cu0.5O4 re-
vealed significant magnetic fluctuations and did sug-
gest some kind of quasi-degeneracy in the valence state
of the hole centers with a competition of the conven-
tional ZR state with another low-lying state(s). Di-
rect information about these states can be retrieved
from the low-temperature neutron structural data 50 on
La2Li0.5Cu0.5O4 system which revealed a B2g-type (rect-
angular) distortion of both CuO4 and LiO4 plaquettes
with acute in-plane O-M-O bond angles 86◦ and 87◦, re-
spectively. This finding which was supported later by the
electron diffraction studies 51 cannot be reconciled with
the concept of the well isolated ZR singlet but agrees
with a static pseudo-Jahn-Teller(PJT)-effect induced by
a vibronic coupling of the 1A1g ZR singlet with a nearby
1B2g singlet:
VPJT = v σˆx uB2g ,
where uB2g is a B2g-type symmetry combination of the
oxygen displacements in CuO4 plaquette, σˆx is Pauli ma-
trix on the 1A1g -
1B2g doublet (see above), v is a vibronic
coupling constant. The vibronic mixing of the 1A1g and
1B2g terms gives rise to a two-well adiabatic potential
with two types of the bond-bending B2g distortion of the
CuO4 plaquette: B
x
2g and B
y
2g, respectively. Their in-
plane long-range ferrodistortive ordering with a rectan-
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gular distortion both of CuO4 and LiO4 plaquettes gives
rise to the orthorhombic Ammm structure 50,54.
However, as we see above, the 1A1g -
1B2g doublet
would inevitably be characterized by one more IUC order
parameter, that is unconventional antiferromagnetic Gz
order of the oxygen orbital/magnetic moments localized
on four oxygen sites. In other words, a quantum dis-
ordered ferrodistortive fluctuating Ammm order in 2D
structure of the (CuLi)O2 planes
50 would be accompa-
nied by unconventional oxygen orbital antiferromagnetic
fluctuations (Ammm − Gz mode). The staggered Gz-
type IUC orbital magnetic fluctuations do not produce
local fields on central 63,65Cu nuclei and can be seen
only by 17O or 6,7Li nuclei rather than by 63,65Cu nu-
clei. This findings did stimulate the 6,7Li NMR measure-
ments in La2Li0.5Cu0.5O4 in a wide temperature range
down to T=2K 39. We have observed a dramatic low-
temperature evolution of the 6,7Li NMR lineshape and
the spin-lattice relaxation (SLR) rate indeed pointing to
a gradual slowing down of some specific magnetic order
parameter’s fluctuations without distinct signatures of a
phase transition down to T=2K. An unique opportunity
to distinguish between the magnetic and charge distribu-
tion caused phenomena are provided by a comparison of
NMR lineshapes for 6Li and 7Li nuclei: due to the very
low quadrupole moment of 6Li nuclei (6Q= -0.0008barn)
as compared to 7Li (7Q=-0.045barn) the 6Li NMR spec-
tra are almost free from any quadrupole effects.
The 6,7Li NMR data completely agrees with predic-
tions of the A-B model with regard the Gz-type IUC
orbital magnetic fluctuations and evidences a step-by-
step condensation of the ferrodistortive lattice-orbital
Ammm − Gz mode. Furthermore, the Ammm − Gz
mode fluctuations also allows for explaining the low-
temperature 63,65Cu NQR data 52. Indeed, well devel-
oped B2g-type symmetry distortions of the CuO4 pla-
quettes do explain the domination of quadrupolar mech-
anism for the 63,65Cu nuclear relaxation below 170K with
unusual temperature dependence of T−11 strongly deviat-
ing from T−11 ∝ T 2 characteristic of a phononic nuclear
spin relaxation mechanism. A weak yet distinct intrin-
sic magnetic orbital contribution to T−11 having the same
T dependence 52 can be naturally explained, if we take
into account weak supertransferred magnetic hyperfine
interactions between neighboring CuO4 plaquettes. It
is worth noting that the distribution of T−11 ’s
52 demon-
strates that not all Cu sites are equivalent and the local
crystal structure seems to vary on a nanoscopic length
scale thus also supporting the picture of the Ammm−Gz
mode fluctuations. It should be noted that the A-B-E
quasi-degeneracy of the valence multiplet does not neces-
sarily produce large positive magnetic susceptibility for
the hole CuO5−4 centers. Indeed, given the ZR singlet
as a ground state we arrive at a dominant contribution
of the fluctuations induced by the A-B or A-E ”linear”
mixing which does not produce the net spin or orbital
magnetic moment. This agrees with the negative suscep-
tibility observed for La2Li0.5Cu0.5O4 down to very low
temperatures T∼ 10K 55 that was considered earlier to
be a strong argument in favor of the well isolated spin
singlet ZR ground state. It should be added that the A-
B-E model suggests even two candidate spin triplets, 3Eu
or 3B2g, for the magnetic excitation at 0.13 eV observed
in the 63,65Cu NQR studies of La2Li0.5Cu0.5O4
52.
At present, there are no published NMR or ZF-µSR
studies which revealed signatures of static Gz type mode
in cuprates (see Ref. 11 and references therein). The fail-
ure to detect orbital-like magnetic order of the kind ob-
served by spin-polarized neutron diffraction 11 surely in-
dicates that the local fields are rapidly fluctuating out-
side the µSR or NMR time window. In this regard the
6,7Li NMR measurements in La2Li0.5Cu0.5O4 can be ad-
dressed as a first indication of a quasi-static Gz-type
mode realized in cuprates.
2. Manifestation of the Gz-type IUC order in the
spin-polarized neutron diffraction measurements
Theoretical cross section formulae for the scattering
of neutrons by magnetic ions in crystals were first de-
rived in 1953 by Trammell 56, using the traditional Con-
don and Shortley formalism 57. However, in order to use
the Trammell formulae it is necessary to evaluate two
different sets of radial integrals, one set for the orbital
and one set for the spin contribution. Later on John-
ston 58 based on the formalism of Racah algebra 29,59 has
given an elegant calculation of the cross section by di-
rectly calculating the matrix elements. In contrast to the
analysis of Trammell, Johnstons expression for the cross
section contains only the one set of radial integrals jk
for the orbital and spin contribution. The apparent dif-
ference between the results of the two calculations arises
because Trammell chose to calculate not the actual ma-
trix elements appearing in the cross section but an in-
termediate function so constructed as to retain the same
simple structure for the cross section as in the spin-only
case. However, this intermediate function is not uniquely
defined and any function proportional to the scattering
vector may be added to it without altering the expression
for the cross section.
Earlier in Ref. 44 we have made an attempt to calcu-
late the magnetic neutron diffraction amplitude for the
neutron coupling with the spin-orbital A-B-E multiplet
making use of the Trammel technique. However, the
technique has brought us to some inconsistencies, espe-
cially for main contribution that is of the Gz-type IUC
order. Hereafter, we revisit the calculation in frames of
the Johnston technique following the review article by
Lovesey and Rimmer 60.
The magnetic neutron diffraction amplitude is deter-
mined by matrix elements of a vector operator 60
Dˆ =
∑
ei(k·r)
(
s− 1
k2
[k×∇]
)
, (22)
to be a sum of spin and orbital contributions. In (22),
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the sum runs over all unpaired electrons in the material
of interest, k is the scattering wavevector, and r and s,
respectively, are position and spin operators.
With respect to the basis of the 2l + 1 atomic nlm-
functions the orbital operator in (22) can be replaced by
equivalent operator as follows 60:
DˆL = − 1
k2
ei(k·r) [k×∇]q ≡
1
k
∑
K′K′′
BK′K′′
(〈jK′−1〉nl + 〈jK′+1〉nl)
[
V K
′
(l)× CK′′(k)
]1
q
, (23)
where V K
′
(l) is an irreducible tensor operator with ma-
trix
〈
lm|V K′Q′ (l)|lm′
〉
= (−1)l−m
(
l K ′ l
−m Q′ m′
)
,
[
V K
′
(l)× CK′′(k)
]1
q
is the rank 1 irreducible tenso-
rial product, CK
′′
(k) is tensorial spherical harmonics,
〈jK′±1〉nl is a radial mean value of the spherical Bessel
function;
BK′K′′ = i
K′+1[l,K ′,K ′′]
√
(2l + 2)(2l+ 3)
(
1 K ′ K ′′
0 0 0
)
(
l K ′ l + 1
0 0 0
){
1 1 1
K ′′ K ′ K ′
}{
l 1 l + 1
K ′ l K ′
}
;
(24)
[l, ...]= (2l+1) · ..., K ′ is an odd number, 1≤K ′≤ 2l− 1;
K ′′ is an even number, K ′′=K ′±1. Everywhere we make
use of a standard notation for Wigner coefficients and 6j-
symbols.
Tensor operator V 1(l) can be expressed through orbital
moment operator as follows:
V 1q (l) = [l(l + 1)(2l+ 1)]
− 1
2 lˆq . (25)
For np-electrons K ′=1, K ′′=0 or 2 and Exp.(23) yields
an anisotropic link of vector operator DˆL with orbital
moment operator, e.g., for l ‖ Oz
DˆLi ≡ −
〈j0〉np + 〈j2〉np
k
√
2


exez, i = x
eyez, i = y
(e2z − 1), i = z

 lˆz, (26)
where e=k/k is a unit scattering vector.
Now we can apply the theory to the coupling with the
A-B doublet of the Cu3+ center. First of all we should
write out the expression for the DˆL operator relevant for
the two-hole [CuO4]
5− cluster with the Gz-type order of
oxygen orbital moments:
DˆL = − 1
k2
∑
n,ν
ei(k·(Rn+rnν)) [k×∇nν ]
where sum runs on the four oxygen ions (n=1-4) and
two holes (ν=1,2).
An easy algebra allows us to show that with respect to
the A-B basis the orbital operator DˆL can be replaced
by equivalent operator as follows:
DˆL ≡ dGˆz = gLdσˆy , (27)
where
di = −1
2
(cos kxl − cos kyl) (28)
〈j0〉np + 〈j2〉np
k
√
2


exez, i = x
eyez, i = y
(e2z − 1), i = z

 ,
where l = RCuO ≈ a/2. Note that all the components di
are expressed in terms of the same radial integrals.
The Gz-type IUC order in the cuprate CuO2 planes is
believed 44 to be responsible for an unusual translational-
symmetry preserving antiferromagnetic order which was
recently revealed by the spin-polarized neutron diffrac-
tion in the pseudogap phase of several hole-doped high-
Tc cuprates, YBCO, LSCO, Bi2212, and Hg1201
11. The
magnetic scattering appears to be the largest at Bragg
indices (H,K,L)=(1,0,L), (0,1,L) for any integer L value
along c* and the largest magnetic intensity is observed for
L=0. At large |Q| the magnetic form factor is expected
to considerably reduce the signal. Accordingly, measure-
ments at the Q=(2,0,1) reflection show no magnetic scat-
tering. Effective magnetic moment ∼ 0.1µB seen by neu-
trons appears to be tilted with respect to the c-axis with
the tilting angle θ≈ 45± 20◦.
All these puzzleties can be naturally explained to be a
result of the neutron coupling with the hidden Gz-type
IUC order in the cuprate CuO2 planes. First, the Q-
dependent factor (cos kxl − cos kyl) in (29) points to the
Bragg indices (1,0,L) and (0,1,L) as the most preferable
for the magnetic scattering. Second, as we see, in con-
trast with the spin moment the oxygen orbital moments
directed perpendicular to the CuO4 plaquette in the Gz
mode induce an effective magnetic coupling both with z-
and x-, and/or y-components of the neutron spin: neu-
trons see the effective orbital magnetic moments to be
tilted in c∗-q plane. Furthermore, any appeal to ”an
effective magnetic moment seen by neutrons” seems to
be incorrect in this case if only because of the length
of the ”moment” would not be invariant being depen-
dent on the direction of the scattering vector k: indeed,
|d|2 ∝ (1 − e2z). Nevertheless, we can introduce ”an ef-
fective tilt angle” θ:
cos2θ =
d2z
|d|2 = (1− e
2
z) . (29)
The effective tilt angle turns into zero for Bragg vectors
such as q = (010) or (100), while e.g. for Bragg vec-
tor (101) in the bilayer system Y123 11(|Q|=1.71 A˚−1,
QL=0.54 A˚
−1) θ≈ 18◦, for Bragg vector (103) in the
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bilayer system Bi2212 (|Q|=1.75 A˚−1, QL=0.61 A˚−1)
θ≈ 20◦. Experimental data available for several
cuprates 11 agrees with the predicted L-dependence, how-
ever, usually yields larger values for θ: e.g. the most
accurate experiment on YBa2Cu3O6.6
11 yields θ ≈ 35◦
at (1,0,0) and θ ≈ 55◦ at (1,0,1). At the same time,
the most recent data for Bragg vector (103) in Bi2212 11
yields θ=20± 20◦ in a full accordance with our esti-
mates. Some disagreement between model predictions
and experiment for YBCO can be seemingly explained
as a result of a buckling effect that is of a nonparallelism
of CuO4 plaquettes and CuO2 planes, yielding a tilt of
about 14◦.
To explain experimental data 11 we do not need to en-
gage the spin-orbital coupling, quantum corrections 41 or
orbital currents involving the apical oxygens 61 as the
measured polarization effects can be explained with the
locally staggered oxygen orbital moments orthogonal to
the CuO2 planes. It is worth noting that the Gz-type or-
dering preserving the translational symmetry cannot be
detected in the polarized elastic neutron scattering mea-
surements performed at the Bragg scattering wave vector
such as q = (11L) that does explain earlier unsuccessful
polarized neutron reports 62.
Oxygen orbital moments must inevitably generate lo-
cal magnetic fields, first of all it concerns a giant ∼
1T field (given oxygen magnetic moment of ∼ 0.1µB),
directed perpendicular to the CuO2 plane, at the oxy-
gen nuclei. However, the 17O NMR data on very dif-
ferent cuprates 63 do not reveal signatures of static Gz
type mode. At present, there are no published 63,65Cu
or 17O NMR studies which give clear results concern-
ing the existence or absence of fields of the predicted
magnitude in YBCO, La-214, Hg1201 or Bi2212. The
Gz-type orbital magnetic order, as any other moment
patterns which have reflection symmetry across the Cu-
O-Cu bonds would generate a zero magnetic field on yt-
trium and barium sites in YBa2Cu3O6+δ, YBa2Cu4O8,
Y2Ba4Cu7O15−δ, thus making direct
89Y and 135,137Ba
NQR/NMR methods as ”silent local probes” despite
their pronounced sensitivity for weak local magnetic
fields. This reconciles the ”non-observance” results ob-
tained by 89Y NMR in superconducting Y2Ba4Cu7O15−δ
and 135,137Ba NQR in superconducting YBa2Cu4O8
64
with neutron scattering results 11. The ZF-µSR measure-
ments in YBa2Cu3O6+δ and La2−xSrxCuO4
65 have also
found no evidence for the onset of magnetic order at the
pseudogap temperature T∗. The NMR and µSR experi-
ments clearly rule static Gz type order out. The failure to
detect orbital-like magnetic order of the kind observed by
spin-polarized neutron diffraction surely indicates that
the local fields are rapidly fluctuating outside the µSR
or NMR time window or the order is associated with a
small minority phase that evolves with hole doping 65.
Above we have addressed the Gz-type IUC order for
the Cu3+ centers, however, as we argued in Sec.II the
CuO4 centers in doped cuprates should be described by
mixed valence superpositions (6). These are described
both by novel orbital order parameters such as the Gz-
type IUC order through the Cu3+ term and by con-
ventional spin order parameter through the Cu2+ term.
In other words, both these competing orders should be
seen by neutrons. Obviously, conventional spins in doped
cuprates, as in parent compounds, do prefer the in-plane
orientation thus making an additional if not leading con-
tribution to the mean tilting angle θ.
We should mention once again that the Gz-type IUC
order is related with the non-ZR hole Cu3+ centers,
hence its manifestation would strongly differ in hole- and
electron-doped cuprates. We hope that this point will
stimulate further experimental studies on the both types
of cuprates.
IV. CONCLUSIONS
We have presented an unified approach to the de-
scription of the variety of the local intra-unit-cell (IUC)
order parameters determining a low-energy physics in
cuprates. Central point of the model implies the on-
site Hilbert space reduced to only three effective valence
centers CuO7−,6−,5−4 (nominally Cu
1+,2+,3+) and the oc-
currence of unconventional on-site quantum superposi-
tions of the three valent states characterized by differ-
ent hole occupation: nh=0,1,2 for Cu
1+,2+,3+ centers,
respectively, different conventional spin: s=1/2 for Cu2+
center and s=0 for Cu1+,3+ centers, and different orbital
symmetry:B1g for the ground states of the Cu
2+ cen-
ter and A1g for the Cu
1+,3+ centers, respectively. To
describe the diagonal and off-diagonal, or quantum lo-
cal charge order we develop an S=1 pseudospin model
with a non-Heisenberg effective Hamiltonian that pro-
vides a physically clear description of ”the myriad of
phases” from a bare parent antiferromagnetic insulat-
ing phase to a Fermi liquid in overdoped cuprates. Dif-
ferent orbital symmetry of the ground states for Cu2+
and Cu1+,3+ does result in a spontaneous orbital symme-
try breaking accompanying the formation of the on-site
mixed valence superpositions with emergence of the IUC
orbital nematic order parameter of the B1g = B1g ×A1g
(∝ dx2−y2) symmetry. Conventional spin density ρs for
mixed valence superpositions can vary inbetween 0 and
1 in accordance with the weight of the Cu2+ center in
the superposition. We show that the superconductivity
and spin magnetism are nonsymbiotic phenomena with
competing order parameters.
Furthermore we argue that instead of a well-isolated
Zhang-Rice (ZR) singlet 1A1g the ground state of the hole
Cu3+ center in cuprates should be described by a complex
1A1g-
1,3B2g-
1,3Eu multiplet, formed by a competition of
conventional hybrid Cu 3d-O 2p b1g(σ) ∝ dx2−y2 state
and purely oxygen nonbonding O 2pπ states with a2g(π)
and eux,y(π) symmetry. In contrast with inactive ZR
singlet we arrive at several novel competing IUC orbital
and spin-orbital order parameters, e.g., electric dipole
and quadrupole moments, Ising-like net orbital magnetic
14
moment, orbital toroidal moment, intra-plaquette’s stag-
gered order of Ising-like oxygen orbital magnetic mo-
ments. As a most impressive validation of the non-ZR
model we explain fascinating results of recent neutron
scattering measurements that revealed novel type of the
IUC magnetic ordering in pseudogap phase of several
hole-doped cuprates.
It is worth noting that the spin-pseudospin system in
2D cuprates is prone to a topological phase separation
with formation of novel types of a spin-charge order, in-
cluding (multi)skyrmionic structures 24.
As a whole, our approach allows to shed light on the
interplay between d-wave superconductivity, IUC elec-
tronic nematicity, IUC magnetic order and other elec-
tronic states such as an incipient CDW/SDW order.
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